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· ~ The design and analysis ofstructural components tc operate at elevated temperature and severe stress levels, such
as a low-cycle fatigue-limited jet engine disk, require an accurate prediction ofthe nonlinear stress-strain
. response encountered during the cyclic loading condiJions. Nonlinear analysis ofsuch components is normally
carried out by a finite element code making use ofconstitutive theories in which the material response is
separated into the two important groups ofphenomena known as rate dependent "creep" and rate independent
"plasticity." A number of viscoplastic.constitutive theories in which "creep" and ''plasticity" effects are combined
_into a unifiedplastic strain model have recendy been proposed and are still undergoing active deveibpment.
In this paper, an elastic-plastic finite element model incorporating the Bodner-Parli>m model ofnonlinear time
dependent material behavior is presented. The parameters in the constitutive model are numerically extracted by
a least-square fit to experimental data obtained from uniaxial stress-strain and creep tests at 65ifC. The finite
to determine the elastic-plastic strain and comparison is
element model of a double notched specimen is employe_d
,
e
made to experimental data.
The constitutive model parameters evaluated in this paper are found IC be in good agreement with those obtained
'by other investigators. However, this numerical technique tends tc give bener agreement with the respo11Se curves
than does the graphical methods used by the other investigators. The model calculated ef4$1jc-plastic strain
agreed well with the experimental.

Inconel 718 is a high temperature superalloy
developed for low-cycle fatigue limited components
operating at high temperature and severe stress in a
hostile environment. To properly use the alloy, it is
necessar y to know and be able to pr operly
c haracterize its time dependent elastic- plastic
properties. A number of viscoplastic constitutive
theor?es combining creep and plasticity effects into a
unified plastic strain model have recently been
proposed and are undergoing active development.
One of these theories, used in this study, is the
COnstitutive theory of Bodner and Partom [1].
Bodner [1], utilized the constitutive equations of
Bodner and Partom to represent the inelastic behavior
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of Rene 95 at 1200F. Stouffer [2], used the state
variable constitutive equations of Bodner and Partom
to calculate the mechanical response of IN 100 at
1350F. Hennerichs [3], estimated the materials
constants in IN 100 by using Bodner and Partom
constitutive equations. Milly [4 ], represented the
experimental data for Inconel 718 at 1200F, from
which the material constants were determined by tbe
method given by Stouffer [2]. Milly applied the
Bodner constitutive equations and compared the
theory and experimental data and concluded the
overall behavior was good.
There are a large number of finite elements in use
today for both plane stress and plane strain analysis,
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current hardness, Z, control the rate of hardening. The ..
complete expression for, Z, can be written as [11
·
Z = Zt- (Zt - Zo) exp (-mWp)
or
(Z - Zt) = (Zt - Zo) ex:p(-mWp)
where,
m =a material constant controlling t.h e rate of woeki
1
hardening.
. •
Zt =the saturation value of Z for large Wp, i.e._ il is J
the maximum value of Z, taken to be const.ant.
·
~ =the initial value of Z, corresponding to tb~~
reference state from which Wp is measured. Bounds .
are (0 s Zo s Z1)·
Wp is defined by the differential equation
1 ·~

for example, the coostaot strain triangular elements,
hybrid elements and higher order isoparametric
elements. For linear elasticity, the mathematical
development of these elements is simple. Since the
coostant strain triangular elements have advantages of
being simple and economical, they were selected to be
employed in this study. The e~tic-plastic code was
used in the numerical determination of Lbe elastic
stress concentration (Kc) for benchmark notched
specimen under constant tensile load and for the
elastic-plastic response of that specimen for cyclic
loading.
Domas, Sharpe, Ward and Yau [7] in the analytical
task of their study, used the finite element method and
calculated stress and strain at element centroids for
good estimation of tbe elastic stress concentration
factor (Kc).
Hennerichs (3], incorporated the Bodner
constitutive model into a constant-strain triangular
elements model to analyze creep aack growth in a
nickel alloy at 1350F.

I
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'The Constitutive Theory of Bodner and Par1om
The constitutive theory of Bodner a(l) is based oo
the assumption of small strain and that the total strain
rate £ t(t) is separable into elastic (reversible), £ c(t),
and plastic (irreversible), ~ P(t), components, both
non-zero for all loading/unloading conditions.

f I (t) • f ~ (t) + £P (t)
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Therefore, the complete differential expression
or~ is written as

(1)

where,

e. P(t) 

a(t)~

(2)

Z. • m(Z1- Z) WP -AZ1 (-- Z;)'
Z1

For the plastic strain rate, .ep(t), the specific
representation used by Bodner and Partom is given by

eP(t) • _1_
V3

£{1 Do ex [.! (Z(t) ) 211 (n+l))

where

I

A =the coefficient controlling the rate of harde:J

(3)

o(t)
p 2 o(t)
n
where,
o (t)=The current value of the stress
0 0 =a constant representing the limiting value of
the plastic strain rate in shear. Generally it is taken at
104
except for conditions of very bigb rates of
strain.
n =a constant related t vi soosity of the dislocation
motion. It contro~ the strain rate sensitivity.
Z(t) =the plastic state variable measure of the
overall res~ce to plastic flow, that i1., hardness.
The evolution equation, i.e. history dependence, of
the plastic state variable is generally sought in the
form of a differential equation for the hardening rate,
.Z, that depends on stress, temperature and hardness,
Z. A more specific representation is based on the
concept that only the plastic rate of working .wP, and

1

,•

t~

• • i
recovery
r =the exponent controlling lbe rate of bardenin - · ~
recovery
l
Z 1 =the state variable value corresponding to the
complete non-work hardened condition, a functioo of
temperature.
In (8), the second term is hardening recovery, .
negligible during brief load histories, but for loog lime ..
response, such as aeep. the second term is necessary. ·. '
During a teosile test, fast compared to aeep, equali~
(8) reduces to the first term only. For a tensile test
equation (8) becomes
z" • m(Z1- Z) WP
(9)
In lbis case, wP is determined by only

sec-\
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In order to determine the viscoplastic material
constants in these constitutive equations, the constants
are considered to be in two groups, "creep response"
and "short time response." The short time response
constants are Do, n, m, Zo and Z 1 and they are
determined based on stress-strain test data. The creep
· response constants are Zt, r, A, and they are
determined based on data from at least two creep tests
at two different stress levels. Step-by-step theoretical
-~ evaluation of tbe material paramete~ was developed
_ by Bodner (1] for Rene 95, and by Stouffer (2] for In
100. Also, Stouffer and Bodner [5] studied the
relationship between theory and experiment for the
'state variable constitutive equation. Therefore, to
· complete the study of the constitutive equations, a
numerical evaluation of the material paramete~ was
'· undertaken.

=<n,Zo,Zt,m,A,r,Zi,Do>

(13)

Equation (12) becomes

£ P(t) • A(X) S(t)

(14)

and
E

1

(t) -

1

(0) +I£ p(t}dt+

E

!if

(15)
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where, £ (0) is taken from tbe data.
Now, let

Q• ,L W(t) (e:,.odel - £~a.)2

t

Data

where, w(t) is a positive weight function, and
(E

. Numerical Evaluation or the Material Parameters
· A numerical study of nonlinear time dependent

~odel. - e ~) is the time domain strain error. Q

was minimized in a computerized numerical scheme
by varying values of the material coefficients. In this
analysis, a Runge Kutta (fourth order) algorithm was
employed for the numerical time integration of the
Bodner equations in the following system:

material was considered, where the material variables
numerically calculated using a direct curve fitting
technique.
In general, the Bodner material parameters are
dependent on temperature, but by performing the
· material characterization tests (stress-strain and creep)
at the same t~mperature that the Bodner model will be
applied, the temperature dependence is suppressed.
To determine the Bodner variables (n, Zo, Zb m, A.
r, Zt and Do) numerically, we consider the measured
- and the simulation of the plastic strain. For the

are

.Z -Z; r
Z •m(Zt-Z) .trP
w -AZ1 t-z;-)

(8)

(12)
P

2

2

o
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z2
1
exp [-(-)" (n+- )]
312

n

(17)

where, J2 is the second stress invariant and equation
(17) is from reference (1].
Using a variant of Pb!'well's (6] search algorithm
coupled with the integral square error function, the
specific material variables for the Bodner model were
determined to best fit the tensile and creep data.

where,

(2)

Therefore, we can rewrite equation (1) in the form

£P(t) - £1(t) - O{t)I E
where,

~ £P(t)- 'J.S

£P

I~

n

r
:·

'

.

~;
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(11)

In the experimental part of this research, a group of
tensile and creep tests were performed for lncooel 718
at 650°C. The Bodner model, coupled with this set of
data, was employed to determine the material
variables of Incooel 718 to best fit the data.
To belp eliminate inconsistencies in data, the same
specimen geometry was used for all tests. A drawing
of the button-head specimen used in this study, is
presented in figure 1.
All experiments were performed in an
electrohydraulic testing machine equipped with a

a (t) is extracted from the data.

For the evaluation of theoretical
the flow law

j

I

(1)

a(t)IE

,,

(10)

evaluation of simulated £P (t) , the total strain rate is
considered the sum of elastic and plastic strain rates

£e(t) •

J.

(16)

we consider
(12)

where, S is the deviatoric stress and A is a scalar
function of the state of the materiaL
k
k(X)
where,

=

. ,,
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special high-temperature furnace. Special attention
was given to the alignment of the specimen to
minimize the eccentricity of the load and to obtain a
uniform temperature profile in the test section. The
machine was run under strain control. The data
(stress, strain, lime) was obtained by using the
Interferometric Strain/Displacement Gage (ISDG)
technique developed and conducted by W. N. Sharpe.

The Elastic-Plastic Finite Element Model.
The locally written finite-element program
generates constant strain triangular elements with very
fine elements in the root of the notch. The 2-D
program was formulated for plane stress calculaHon
and uses the plastic force method to enforce plastic
stra in . Only one quarter of the specimen was
modelled due to symmetry, and an automatic mesh
generation algorithm permitted easy variation of the
total mesh size. It was thus possible to easily select
the proper balance between mesh fineness and
computation time. A mesh of 176 nodes and 300
elements was eventually chosen, figure 2.
Results and Conclusions
"""
Uniaxial tensile tests were run at strain rates of 1.6
3
4
5
X 10' , 0.67 X 10 , 1.0 X 10· , 1.1 X 10-6, and 3.3 X
1
sec · l. 1\vo creep tests were run at 758 and 862
MPa. The data for each test was smoothed and
approximately 20 data points used for each test in the
fitting procedure. The modulus of elasticity was
considered as a parameter, increasing the number of
constants to be determined to nine. Different starling
values were tried, producing slightly different values
of constants though no appreciable difference in the
agreement with individual curves. A unique set of
constants was not already determined to cover the
complete data base.
The flnal parameters determined are listed in Table
1 where the values from Milly [4] are also listed.
Figures 3, 4, 5 and 6 show the response curves from
the model and the experimental data. Agreement in
flgures 3 and 4 are reasonable except for the fastest
tensile test. Figures 5 and 6 are not good but the
agreement is considerably better than other
comparisons [2,4]. The model modulus of elasticity,
3
172 x 10 MPa, is high for this material at this
te~perature. Other determinaHons place it at 155 x
10 MPa[3). As can be obsaved from figures 3 and
4, the modulus for the experimental data is higher still
at the faster rates. Nevertheless, the Bodner Model
describes the results fairly well given tbe wide range
of strain rates and the fact that 650° is near a phase
transition.

w·
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This numerical scheme for identifying the Bodner
parameters is straightforward and lends to give better
agreement with the response curves than graphical
methods. The Bodner model does reasonably wen io
describing stress-strain curves covering a wide range
4
of strain-rates (almost 10 in these experiments) and
creep curves. Actually, it is a stiff requirement to ast
a model to cover such a wide variety of material
response. The eight parameters of the Bodner model
give it the requisite range, but a unique set of
parameters was not obtained. In general, one can
make the following conclusions:
( 1)A numerical evaluation of the material variables.
can be made by using Bodner constitutive theory
through a numerical simulation of the tensile and
creep response with reasonable curve fitting to tho
experimental response.
(2)Bodner Constitutive theory is sensitive to the
variability of the experimental data. Since the stress,
a , is the driving force in the constitutive model,
special attention should be given to the time data for a
smooth (a -t) curve.
(3)As in Reference [1], Bodner constitutive theory
may need further work to decide on improvements
which can be made to include effects that would lead
to tertiary creep in the representations.
(4)From the fact that the calculated values for some
of the variables are different for the same value of
fltting error (and they should not be) and from the fact
that for some runs "'4" and "Z1" have the same value;
(and they should not), it can be recognized that the
material variables in Bodner's Constitutive model are
not well defined. More specifically, they are not
universal, which may address that 650°. is near a
transition temperature for this material.
The finite-element model does a good job of
evaluating the theoretical elastic stress concentration,
K., and predicting the notch behavior under low cycle
loading at high loads. The response at the notch is
very complicated given the finite plastic strains
generated. Figure 7 shows the experimental data aod
finite-element prediction for the comparison of
measured notch strain with that predicted by the finite
element durin§ the first cycle of continuous cyclic
loading at 650 C.
For further application, using the Bodner-Partom
state variable material model and model parameters
developed from uniaxial test data, creep aadt growth
in Inconel 718 was analyzed by using the coostanl
strain finite element for compact tension specimen (8].
Crack growth behavior identified solely from crack
opening displacement measurements made on
pre-cracked specimens was analyzed by examining
various parameters around the model's crack tip. 1be

Volume 2 Number 2 Fall1989t'Winter 1990
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loading and the aack propagation material state was
not the same as the initial state of the uniaxial test
specimen.

J-integral was applied and used to predict crack
growth initiation. Promising results were obtained.
In reviewing the response, figure 8, one must keep
in mind the initial material uniaxial data. The cracked
specimens were actually pre-cracked by fatigue
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TABLE 1

Constant

Units

N

Zo
z,

MPa
MPa

m

MPa

A

sec

Milly (8)

This Work

1.167

0.7374

3130
4140

6520

2.43x10 -2
1.1x10 -4

-1

R

7030
6.86x10 -1
6.82x10 -4
4.734

zl

MPa

2.857
2760

Do

-1
sec

10

1.03x104

E

MPa

165x103

172x103

lntJ. J. Science and Technology

4

10

...

3690

Volume 2 Number 2 Faii19891Winter 1990

2 .o

1.6
4

1.2

""....
I

I

0

M

1. 5

)(

0.8

....z
<
ex:

0.4

0

<

~

1.0

f-o

~

V)
V)

....

0

V)

p::

0.5

u

....
~

taJ

a:
~

V)

o.o

0 .0 0 .8 1.6 2.4 3.2
TIME SECONDS x 10• 4
Fig. 6 - Experimental data and
c reep response
( d •862mpa )

0.5 1.0 1. 5 2.0
HICROSTRAIN x 10- 4
3  Experimental data and
numerical tensile re~ponse
( £• •3.3 x 10 -7 sec-1 )
1.6

4
4

t"''
I

I

1.2

....

V)

0 .8

~

0

~

<

~

~

~

2

M

0

)(

s
z

0.4

-2

I

taJ

c

a:

<

~

3

V)

-4
-0.5
o.o 0.5 1.0 1.5
NOTCH STRAIN MICROSTRAIN x 10· 4
Fig. 7 - Experimental data and
finite element prediction

o.o

0.5 1. 0 1.5 2. 0
HICROSTRA IN x to• 4
Experimental data and
numerical tensile response·
( t •1.6 X 10-Jsec -1 )
4

r-~r-~_.;:;.:::..;y.._...,

t"''
I

0
....

N

o.o

2.0 4.0 6.0 8.0
TIME SECONDS x to• 4
5 - Experimental data and
ct'eep response
( d •758mpa )

Inti. J . Science and Technology

4.4
8.8
13.2 17.6 22. 0
TIME - SECONDS x 10 •2
Fig. 8 - Experimental results for
creep crack growth
0.0

11

Volume 2 Number 2 Faii1989/Wlnter 1990

